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ABSTRACT

In this paper, we present a new wavelet-based method for
reducing additive autoregressive noise. The method uses a
shift-invariant wavelet-packet transform to facilitate a lin-
ear transformation of wavelet-packet basis vectors. The
transformed basis vectors are shown to be better suited than
the original basis vectors for use in conventional wavelet-
based denoising algorithms which use MDL or thresholding
approaches. A computational example is presented which
demonstrates the advantages of the new algorithm.

1. INTRODUCTION

The computational efficiency of wavelet transforms and the
desirable time-frequency localization properties of their ba-
sis functions have motivated intensive research in the area
of wavelet-based noise reduction. Many of the investigated
approaches resemble principal-component analysis, in that
the observed signal is projected onto a specially chosen set
of basis functions, and expansion coefficients thought to
represent noise are attenuated. One promising approach
explored independently by Saito [1] and by Pesquet, et al.
{2] uses the wavelet-packet bases of Coifman and Wicker-
hauser {3] and the Minimum Description Length (MDL)
model selection criterion of Rissanen [4] to enhance signals
in additive white noise.

In the MDL framework for noise reduction, a noisy ob-
servation € R (consisting of a signal s in additive noise
n) is modeled as an output symbol from a discrete mem-
oryless information source. The description length of z,
defined as the length (in bits) of a theoretical binary code-
word used to describe z, is given as:

L{z, A®) = LOA®) 4 L(z|]A®) 1)

where L(A®) and L(z|A\*®?) are the lengths of codewords
respectively describing A(*), a k-th order parametric model
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of z, and the prediction error for the estimate £(\¥)) de-
rived from the parametric model. L(A®) and L(z|A*)
are respectively determined by a universal prefix coding
method proposed by Rissanen and by the Shannon coding
method. Among admissible parametric models, the model
which produces the minimum description length is selected
as the model most representative of the signal.

In [1] and [2], the parameter vector A*) contained N —k
zeros and k transform coefficients. The k transform coef-
ficients corresponded to the k of NV orthonormal wavelet-
packet basis vectors used to estimate s. For this represen-
tation, Saito showed that

k) _ . -
A { A: Jmax log, pa(=z ‘I’A)} y (2)
LO®Yy = 325- log, N + Cy, 3
and
L(zlz\(k)) = —log, pa(a(k)), (4)

where p,(n) was the probability density of the noise, &
was an orthogonal matrix whose columns {¢,}L; were the
wavelet-packet basis vectors used to describe z, A(k) was
the subset of vectors in RN with N ~ k zero elements,

n(k) 2 z - #\® was the implicit noise estimate corre-
sponding to the kth-order signal model, and C, was a con-
stant independent of basis or model order. For the case of
white Gaussian noise with mean of zero and variance of 02,

Lz®) = L@a®)+c,

l=ll® - ELI(% He)?
2021n2

where the index set {z;}5_; denotes the largest k elements
of " x, and C; is a constant independent of basis or model
order. The algorithms of [1, 2] found the value of k¥ which
minimized the sum of Equations 3 and 4, and returned a lin-
ear combination of the k wavelet-packet basis vectors with
the largest expansion coefficients as a model of the original
signal.

The MDL approach described above works well for the
case of signals corrupted by additive white Gaussian noise.
However, the restriction of the MDL approach to reduction
of white noise limits its appropriateness for some practical
applications.
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2. THEORY

Autoregressive (AR) models provide a useful tool for adapt-
ing the MDL algorithm to reduction of correlated noise. A
straightforward adaptation involves fitting an AR model to
the noise component, building an FIR prediction-error filter
from the AR model, and using the filter to whiten the noise
component of z. The filtered signal may then be denoised
as described in Section 1.

In applications where denoised coefficients may be used
as input parameters for other algorithms (e.g., speech en-
hancement and recognition), the straightforward approach
becomes cumbersome. There, one is required either to
inverse-transform, inverse-filter, and retransform the de-
noised signal, or to require the other algorithms to com-
pensate for the pre-filtering operation. A new approach
which selects the appropriate basis vectors in the original
(unfiltered) domain is preferred.

The proposed approach (which is in part motivated by
[5]) uses the wavelet-packet transform of a pth-order pre-
diction error filter to reduce the correlated noise reduction
problem to that of linear least-squares estimation. This ap-
proach implicitly transforms the original basis vectors into a
second set of basis vectors which facilitates use of the MDL
criterion in the original domain. We then use the MDL
criterion to select the number k, the index set {z}%.,, and
coefficients A of the subset of basis vectors giving the best
estimate of the original signal.

‘We assume that the original signal s may be represented
by a subset of N periodized wavelet-packet basis vectors,
and that the N elements {n,}'5" of additive noise signal
n are generated by an autoregressive random process of the
form

P
ne = _Zamnl—m + ue¢ (6)
m=1

where p € N, and {u¢} is a Gaussian white noise process
with mean of zero and variance of o2. For the model of Eq.
6, the probability density of n is [6]

pa(n) = (@70%)" det Ca) Fexp [-%’? ()

where

N-1 p 2
Q) =a"Ca'a+ ) (Z a,,.n,_,,.)

=p m=0

with ap = 1, &t = [no n1---np1]¥, and Cs = E{Aan”}.
The codeword length for the prediction error of the kth
order estimate of the signal is then given by

Nin(270?) + Indet C + Q(n)/o2

L(z|]\®) = T3 (8)

After substituting fa(k) for n and ignoring negligible [6]
terms of Eq. 8, the variable portion of L(z|A\*)) becomes

LA 21 ()XP + AT NP
202In2 ©

Lz ®) =~

} §ob ap Qp-1 1 0 0
ap e @y 1 oo 0
AH = . L]
0 0 a.z 0;1 1
Ql(k) = [ ¢zl ¢22 ¢z|, ] y
§2(k) = [ ¢z.+1 ¢zk+2 ¢z~ ] ’

and A{®) = &;(k)"a(k) for i € {1,2}. Since the subspace
spanned by {¢,,}iLi+, is assumed to only contain noise,
,\gk) = &;(k)?z. The minimizing value of /\Ek) may then
be found by solving a set of normal equations, leading mini-
mization of L(z|A\%*) to become equivalent to maximization
of AT &, (k)®.Y (k)|

‘We now use the properties of the shift-invariant wavelet-
packet transform to simplify the maximization problem.
First, we note that the filtering matrix A¥ consists of N~p
circular shifts of the prediction error filter, and equals

A% =sFQ, F¥, (10)

e'?rmn/N .
where [F|,,, = Jﬁ,'r", S= [I(N—p)x(N—p) -O(N—P)xp] )
and @, is a diagonal matrix containing the values of the

FFT of the first row of A¥ divided by vVN. We may then
write

*7AA"® =" FQiQ F'® - 3" FOF s (11)
where [6],,,, = G Horap
[Q4,.,.- Sinha and Tewfik [7, p. 3476] have shown that,
for periodized Daubechies wavelets with large numbers of

vanishing moments, 37 FQY Q,F¥ & is nearly diagonal.
And, since

)ej’r(v+l)(m—n)/N and g, =

» 2
|©l...|° < 1’\’,—24 (1 + Zaf) , (12)
=1

we may use the Cauchy-Schwarz inequality to show that
each term in 7 FOFY® is at least a factor of £ less

than those on the diagonal of #? FQ4Q F¥®. Hence,
the columns of A¥ &,(k) are nearly orthogonal,

k
A" &.(k)®:% (k)2 = ) (., ")’ A% ., 1% (13)

=1

and

k
lA"=z|? - > (¢, ")l A% ¢, |12

L@ ®) =~ "jaz = ,  (14)

where the index set {z.-}le corresponds to the set of fil-
tered basis vectors with the largest coefficients. Equation
14 is similar to Eq. 5 of the case of white noise, with the
transformed basis system A” & used in place of the original
basis system.



For a second simplification, we note that the columns of
the matrix A¥ & are projections of N — p shifted versions
of a time-reversed prediction error filter onto the “signal®
subspace. Calculation of these transform coeflicients may
be done quickly by means of the shift-invariant wavelet-
packet transform [2], which, by calculating the transforms of
all circulant shifts of a given signal, may be used to convolve
the basis functions with any chosen filter. Hence, a fast
algorithm similar to those of [1, 2] may be used to select
those basis vectors which best represent the signal.

A further increase in efficiency may be gained by fol-
lowing an approach of Krim and Pesquet [8]. By taking the
finite difference (with respect to k) of the sum of Equations
3 and 14, and looking for the value of k for which that differ-
ence changes from negative to positive, the MDL criterion
may be shown to select the largest value of k for which

., 72| > —r——1+/2.079410g, N.

A%, |

Evaluation of L(z|A\"®) for various values of k may then
be replaced by a simple thresholding operation, similar to
that of [2], [8], and [9]. In contrast to these approaches, the
new method provides basis-dependent thresholding which
is more appropriately tailored to the characteristics of the
noise.

3. BASIS SELECTION

The proposed algorithm also uses the local discrimination
bases (LDBs) developed by Saito and Coifman [10] as a
feature extraction tool for pattern recognition. In the LDB
formulation, the statistical properties of each of C signal
classes are described by C time-frequency-energy (TFE)
maps constructed from sets of training data.  For class
L € {1,2,...,C} with N, training signals {ze(i)}7,, the
TFE map I'¢(j, k,m) was defined as

N, N,
Te(j,k,m) = [Zlqs,»,k,m”zz(f)l’ Zna(i)u’] (15)

=1 =1

where @;, ., is the wavelet-packet basis vector of scale
j, frequency band k, and position m in the binary tree.

For discrimination between the classes, Saito used a “best- .

basis” algorithm [3] to select the basis partition which max-
imized the Kullback-Liebler distance

D(fp} {a)) = D ploga . (16)

between the “probability” (i.e., TFE map value) distribu-
tions {p;} and {g:} of each pairwise combination of each of
the C classes. Saito applied his algorithm to the denoising
problem by selecting bases which maximized discrimina-
tion between the two classes of “signal+noise” ({p:}) and
“noise” ({g:})-

In our extension of the LDB approach, we note that the
expression of Eq. 15 is an approximation to the ratio of
expected energies

Te(G, kym) = E{19; 4 T2}/ E{llz?}.  (17)

We therefore propose a new approach for calculating the
TFE map of the “noise” class which does not require prior
training. The new approach requires only the calculation of
the shift-invariant transform (into the smallest subbands)
of the impulse response of the AR filter. At each level of
the transform, the energy of the transform coefficients are
summed to calculate the numerator term of Eq. 17.

4. SUMMARY OF ALGORITHM

We pow summarize the sequence of operations in our algo-
rithm:

1. Compute the shift-invariant wavelet-packet transforms
of the signal and (as needed) the filter response.

2. Construct TFE maps for the “signal+noise” class and
(as needed) the “noise” class.

3. Use the TFE maps of Step 2 to find the best LDB
partition for denoising.

4. Use one of the two new denoising approaches devel-
oped in Section 2 to implement shift-invariant denois-
ing.

5. If desired, use the inverse shift-invariant wavelet-packet
transform to resynthesize the signal.

5. EXPERIMENTAL RESULTS

One objective of our current research is the development
of a new noise reduction method which can enhance noisy
speech signals without impairing speech intelligibility. To-
wards this end, we evaluated the new approach (with thresh-
olding) for use in a practical speech enhancement algo-
rithm which implements denoising on a frame-by-frame ba-
sis. (Motivation for this approach is discussed in [11].) As
input, we used a 130 ms recording of “/bi/” (preceded
by 130 ms of silence) which was sampléd at 16 kHz and
added to 4096 samples of AR Gaussian noise of the form
n¢ = 0.8n¢_1 + ue. The variance of {u¢} was selected to
give a speech-to-noise ratio of 5 dB. Both clean and noisy
versions of the signal are shown in Figure 1.

Estimates of the noise parameters were taken from the
first 512-sample analysis frame (located in the silence re-
gion) and used in the denoising of subsequent frames. AR
models with p = 1 and p = 0 were fit to the first frame’s
data, with the latter corresponding to the standard white
noise case explored in [1, 2, 8,9]. TFE maps for the “speech-
+noise” class were calculated over a range of five circulant
shifts and averaged for use in the algorithm.

Output waveforms for both cases (using the Daubechies-
20 wavelet) are shown in Figure 2. Noise suppression and
SNR measures for (respectively) the silence and speech re-
gions are also shown below in Table 1. Both sets of data
indicate that the new method enjoys a significant advan-
tage in performance, particularly in the silence regions. Re-
cent results [12] indicate that the advantage in silence may
be useful in enhancing the perceived quality of the noisy
speech. Informal listening also indicates that the new algo-
rithm’s output sounds more natural than that of the other
algorithm (which tends to sound muffled).



We note here that the advantage of our algorithm is less
pronounced in the speech region. This is in part caused by
the prediction-error filter, which tends to partially decorre-
late the speech and make some speech components subject
to attenuation by thresholding. It should also be noted
that for longer analysis frames, the combined use of the
LDB approach and shift-invariant transforms can result in
transform structures with impractical computation require-
ments. Our present work is focused on development of an
intelligibility-based LDB algorithm which addresses both of
these concerns.

8. CONCLUSION

We have presented a new wavelet-based method for reduc-
ing additive autoregressive noise. The new method uses
the shift-invariant wavelet-packet transform to implement
basis-dependent thresholding. Preliminary results suggest
that the new method could be particularly useful in enhanc-
ing noisy speech signals.
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Reduction of noise

Enhancement capability

(silence region) (speech region)
New method 32.98 dB SNR = 9.32 dB
Old method 7.39 dB SNR = 7.78 dB




